EXOTIC BLOWUP SOLUTIONS FOR THE u 5 FOCUSING WAVE 

EQUATION IN R 3 



ROLAND DONNINGER, MIN HUANG, JOACHIM KRIEGER, WILHELM SCHLAG 

Abstract. For the critical focusing wave equation Du = u 5 on R 3+1 in the 
radial case, we construct a family of blowup solutions which are obtained 
from the stationary solutions W(r) by means of a dynamical rescaling 
A(f)z W(A(f)r) + correction with A(f) — » oo as t — > 0. The novelty here 
lies with the scaling law A(t) which eternally oscillates between various 
pure-power laws. 



1. Introduction 
The energy critical focusing wave equation in R 3 

uu = u 5 , □ = d\ - A (1.1) 

has been the subject of intense investigations in recent years. This equation 
is known to be locally well-posed in the space 'H := H 1 x L 2 (R 3 ), meaning 
that if («(0), Mf(O)) € < H, then there exists a solution locally in time and 
continuous in time taking values in H. Solutions need to be interpreted in 
the Duhamel sense: 

m /x^r . sin(*IVI) f f sin((f - s)|V|) 5 
u(t) = cos(t|V|)/ + — — — g + J Q — u°(s)ds (1.2) 

These solutions JLquinHciu) = have finite energy: 

E(u, ii t ) = I + |Vm| 2 ) - ^-1 rfx = const 

Jr3 l 2 6 J 

The recent series of papers H3J - [6) establishes a complete classification of 
all possible type-II blow up dynamics. It remains, however, to investigate 
the existence of all allowed scenarios in this classification. Steps in this 
direction were undertaken in |8|, IHT| , El , where a constructive approach to 
actually exhibit and thereby prove the existence of such type-II dynamics 
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was undertaken. Recall that a type-II blow up solution u(t, x) with blowup 
time TV is one for which 

limsup||w(f,-)llH 1 + H M t(f,0llL 2 < 00 

but of which no extension in the usual sense of well-posedness theory in 
H 1 x L 2 exists beyond time T*. In [6], it is demonstrated that such solutions 
can be described as a sum of dynamically re-scaled ground states 

±W(x) = ±(l + 

plus a radiation term. In particular, for solutions where only one such bulk 
term is present, one can write the solution as 

u(t, x) = W m (x) + e(t, x) + 0fl i (1), W A (x) = A5 W(Ax), e(t, •) e H 1 (1.3) 

where the error is in the sense as t — > T*. Moreover, we have the dynamic 
condition 

lim(T* - f)A(0 = oo (1.4) 

In llTTl , it was shown that such solutions with A(t) — t~ l ~ v do exist, where 
v > j is arbitrary. In [9] the latter condition was relaxed to v > 0. 

It is natural to ask which rescaling functions are admissible for dl .31 ) -both 
in general, and in particular within the confines of the method developed 
in IfTTIl , l9l . It seems very difficult (perhaps hopeless) to answer this question 
in full generality. Nevertheless, important progress has been made in recent 
years such as in the deep work of Raphael, Rodnianski ||l3l , and Hillairet, 
Raphael [7J who studied stable blowup laws (relative to a suitable topology) 
for energy critical equations. 

The purpose of this paper is to exhibit an uncountable family of rates 
which are not of the pure-power type as above. Our main result, which is 
in the spirit of (1(3 El Ell, is as follows. 

Theorem 1.1. Let v > 3 and \eq\ 1 be arbitrary and define 

A(t) := r l - v exp(-£ sin(log t)), < t < | (1-5) 

Then there exists a radial energy solution u of which blows up precisely at 
r = t = and which has the following property: in the cone \x\ = r < t and for 
small times t the solution has the form 

u(t, r) = Ai(t)W(A(t)r) + rj(t, x) (1.6) 

where 

f [|Vt](£, x)\ 2 + \ri t (t, x)\ 2 + \r](t, x)\ 6 ] dx -> as f -> 

J[\x\<t] 

and outside the cone u(t, r) satisfies 

I \\Vu(t, x)\ 2 + \u t (t, x)\ 2 + \u(t, x)\ 6 ] dx<5 

J[\x\>t] 
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for all sufficiently small t > where 5 > is arbitrary but fixed. In particular, the 
energy of these blow-up solutions can be chosen arbitrarily close to E(W, 0), i.e., the 
energy of the stationary solution. 

We remark that 

1 , sin(log t ) 

A(f) = r 1 "^, v(t) = v + £ r -» v as t -> 0+ 

log* 

This shows that v(f) eternally oscillates around the constant v, but does 
approach that constant. Currently we do not know if it is possible to have 
such solutions for which v(f) is not asymptotically constant. 

The starting point of our investigation was to adapt the method from iTiTII 
to the setting where A(t) is not restricted to the class of pure-power laws. 
This turns out to run into serious difficulties essentially from the beginning, 
with the "renormalization construction" of the approximate solution being 
the first serious obstacle. Recall from [11] that this construction relies on an 
iterative procedure and involves delicate book-keeping of various asymp- 
totic expansions of the approximate solutions, the corrections, as well as 
the errors. For the more general rates A(f) this cannot be done in the same 
fashion, and we succeeded in a much modified fashion for the laws (|1.5j) ; 
however, only two steps of the iteration seem feasible. This then forces one 
to confront a very major difficulty which was not present in [11 J; namely 
the lack of a suitable smallness parameter which allowed for the ultimate 
contraction argument yielding an exact solution rather than an approximate 
one to go through. In absence of this small parameter we are forced to fol- 
low a different route. The idea is very simple but its actual implementation 
turns out to be quite subtle. Schematically, we have to deal with a fixed 
point problem on a Banach space of the form 

x - F(x) + Ax + xq 

where the norm of the linear operator A is not small. However, it turns 
out that A" has small operator norm provided n is sufficiently large. This 
implies the existence of (1 - A)~ l (via the Neumann series) and thus, we 
may re-write the problem at hand as 

x = (1 - A)~ 1 F(x) + (1 - A)- l x 

which we then solve by the Banach fixed point theorem. Thus, a large part of 
the present paper is devoted to the development of a technique that allows 
one to show smallness of ||A"||. In order to succeed, we have to exploit 
the fine-structure of the operator A, in particular smoothing properties and 
oscillations. 

2. The approximate solution for a modified power-law rescaling 

2.1. Generalities. The radial quintic wave equation in R 3 is 

2 

-CquinticU := U tt ~ U n - -U r - U 5 = (2.1) 
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A special stationary solution is W(r) = (1 + r 2 /3)~5. By scaling, A 5 W(Ar) is 
also a solution for any A > 0. We are interested in letting A depend on time. 
More precisely we would like to find solutions £. qU mtkU = of the form 

u(t,r) = A(t)iW(A(f)r) + e(f,r), A(f) -> oo as f -» 0+ (2.2) 

and £ small in a suitable sense. It suffices to show that e remains small in 
energy since this ensures that the solution blows up at time t — by the 
mechanism of "energy concentration" at the tip of the light-cone (£, r) — (0, 0) 
(think of solving backwards in time). In the paper [11] such solutions were 
found with A(t) - t~ l ~ v , and v > \ constant. The goal here is to allow for 
more general functions; more specifically we will set 

A(t) = r 1_v exp(-£ sin(log £)), v > 3, |e | « 1 (2.3) 

This is of the form A(f) = r 1_v(t) with 

sin(log t) 

v(f) = v + £ r -> v as f -> 0+ 
logf 

For future reference, we introduce p.(t) :— tA(t), and 

/,\ W) 
*(t) := — 

so that for 02.31 ) we obtain 

k(£) = v + £o cos(log i) 
Our goal is to prove the following result. In what follows, R - rA(t). 



Proposition 2.1. Lef A(f) be as in (|2.3|) and fo ^ 1- 

(z) F/zere exists some U2(t, r) e C 2 ({0 < t < to, < r < £}) swc/z t/zat 



« 2 (t r) = ^fA(^)(W(R) + ^- 2 (t)0(R)) f < t < t , < r < t (2.4) 

and ei := JLquintk u 2 satisfies 



f 2 A^(t> 2 (f,r) = M" 2 (0O^ "^' + 1 ' 1/ 0<£<£ ,0<r<£ (2.5) 
(zz'J For < £ < £o, < r < t/2 and all k,j^0 we have 

d k t d[u 2 {t, r) = d\d{ Va(0 W(R) + rV' ^/Mt)^- 2 (t)0(R) (2.6) 

and 

^(^(f^r)) = r fc r-V 2 (0o( 1O ^^ 2) ) (2-7) 

F/ze same bound applies without the restriction r < |, provided k + j < 2. 

(zzz) The function U2(t,r) admits a C 2 - extension (on fixed time slices) beyond 
the light cone r < t with the property that given 5 > 0, 



logOR + 2) 



f [|<9 f w 2 | 2 + 5t" 2 + « 2 ](f, r)r 2 dr <5 

Jr>t 



EXOTIC BLOWUP SOLUTIONS 



5 



provided t < to is sufficiently small. 

The proof will be given in Section f27\ 

2.2. The bulk term. Define 

«o(f,r) = A(t)*W(rA(t)) = \{t)$W(R) (2.8) 

While Mo is very far from being an approximate solution, the construction in 
(TTI for A(£) = t~ a where a > 1 is constant shows that one can add successive 
corrections via an iterative procedure 

u - Uq + V\ + V2 + z>3 + • • • + v% 

so that this function approximately solves (J2.1|) in the light cone {r < t « 1). 
To be specific, we achieved that £q U inticU{t) goes to zero like t N in the energy 
norm as t — > where N can be made arbitrarily large by taking k large. 

For 02.31 ) we will content ourselves with two steps of the construction 
only, i.e., u — Uq + V\ + Vj_. Let us first compute the error resulting from Uq. 

Define D := \ + rd r = \ + R<9 R . Then 

e := X 9 „mfe"o = Akt)[(jf(t)(!D 2 W)(R) + (j)\t){DVf)(R)] 

2 ,i/xr l--R 2 /3 , x 9-30R 2 + _R 4 i ^ 2 - 9) 

t 2 e =: AJ(t) +^ 2 (0 - 

L (l+R 2 /3)5 (l + R 2 /3)5 J 

We note that ( |2.3| | satisfies 

and analogously for higher derivatives. Moreover, the functions on the 
left remain bounded under (td f ) e for any I; the same properties hold for 
a)i(t),co 2 (t). 

Then t 2 e = A(f) 5 0(R 2 (R) -3 ) uniformly in < t «c 1 (with derivatives). 
Clearly, this error blows up as t — > like f~ 2 . 

2.3. The first correction. Then £ 2 eo = A(£) z 0(R 2 (R)~ 3 ) as R — > co. This error 
blows up as £ — > like f~ 2 . The goal is now to reduce it — in fact turn it into 
an error that vanishes as t — > — by adding corrections to Uq, the first one 
being V\. We will do this by setting A 2 (£)Lo£>i = eo where 

L :=4 + |^ + 5W 4 (R) (2.11) 

Note that this is the linearized operator obtained by plugging Uq + x>\ 
into (|2.1|) and discarding d t altogether. While this may seem strange, the 
idea is to look first at the regime < r «c t where d t should matter less 
than d r . We shall see shortly that V\ has the good property that it decays 
like (t A(f))~ 2 , but it produces errors for the nonlinear PDE that grow in r too 
strongly. To remove this growth, we carry out a correction at the second 
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stage by solving a suitable differential operator. At this stage the self-similar 
variable a — ? becomes important. 

Now we discuss V\ in more detail. A fundamental system of Lq is 

l-R 2 /3 ,„ x l-2R 2 + R 4 /9 

<P!(R):= -hr, cp 2 (K):= 2.12 

(1 + R 2 /3)I R(l + R 2 /3)i 

The operator 

L = RL R _1 = d 2 , + 5W 4 (R) (2.13) 
has a fundamental system 



(l+K 2 /3)5 

^): = 1 - 2R2 + R4 / 9 =R^) 
(1 + R2/3)! 



(2.14) 



The right-hand sides here are for large R, and the xpj are analytic around 0. 
The Wronskian is 

<p , 1 (R)<p 2 (R)-<p l (R)<p' 2 (R) = l 
We let pi(t) = tA(t) as above, and 

f( 2 (f)L yi = t 2 e , v 1 (0) = v' 1 (0) = (2.15) 

We claim that 

0l (f,r) = [T^tyL^Peo = A5(0fi" 2 (0O(K) as R -> co 
To be more specific, write 

£ 2 e = Akt)((Oi(t)gi(R) + co 2 (t)g 2 (R)) (2.16) 
see d2.9|) . Note that the gy are of the form 

g;(R)= J R- 1 </»;(R~ 2 ) R»l (2-17) 
where <|>y is analytic around 0. Then Lq/; = gy with /y(0) = f'AO) - satisfies 

XR r>R 
<p 2 (R')R'gj(R') dR' - <p 2 (R) J n(R')R' gj (R') dR') 

(2.18) 

for j - 1, 2. Then one checks that 

fj(R) = byR + b 2j + b 3] ^ + 0(1/R) as R > oo 
/y(R) = CiyR 2 + 0(R 4 ) as R^O 
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In fact, around R - the fj(R) are even analytic functions, whereas around 
R — oo one has the representation 

fj(R) = R(hj + b 2j R~ 1 + R" 2 logR cp 1; (R- 2 ) + R-^R- 1 )) 
=:R(F ; (p) + p 2 G,(p 2 ) log p) 

where <p\j,(p2j and F ? > G; are analytic around zero, with p := R -1 . This 
follows from (|2.14[) , (|2.17|) , and (I2.18I) . For future reference, we remark that 
the structure in (|2.20|l is preserved under application of D. In particular, 
and abusing notation somewhat, we have 

vi(t,r) = A5(0p- 2 (0(a;i(f)/i(R) + co 2 (t)f 2 (R)) =: A?(f)p- 2 (£M0/(R) (2.21) 
Define 

«i := u Q + vx = Akt)(W(R) + [T 2 (t)co(t)f(R)) 
In view of (12.191 ), and R < p (recall that we are inside of the light cone r < t) 

u t (t,r) = A5(f)0(R _1 ) R>1 

(2.22) 

Ml (f,r) = A*(QO(l) 0<R<1 

uniformly in < £ < 1; moreover, we may apply td t or r<9 r = R<9r any number 
of times without affecting this asymptotic property. Finally, A(t)~?iii(t, r) is 
an even analytic function around R = 0. 

2.4. The error from U\. Setei := -Cq U intic(ui)- Then 

d = d 2 v t - Vdu\v\ - 10m 2 w 3 - 5u Q v\ - v\ (2.23) 

One has 

t 2 A~Ht)ei = A-^{t){{td t ) 2 - td t ){A^{t)w x {t,rA{t))) - p 2 (0(10W 3 (R)w 2 (£,R) 
+ 10W 2 (R)a; 3 (f,R) + 5W(R)w 4 (£,R) + w\{t,R)) 

(2.24) 

We write symbolically w\(t,R) = [i~ 2 (t)a)(t)f(R). Then the nonlinearity 
in(|22!]lis 

p 2 (£)(10W 3 (R)w 2 (£,R) + 10W 2 (R)w 3 (£,R) + 5W(R)w 4 (£,R) + v%(t,R)) 
= ^ 2 (t)(lOW 3 (R)co 2 (t)f 2 (R) + lOW 2 (R)f.r 2 (t)co 3 (t)f(R) (2.25) 
+ 5W(R)p" 4 (0o; 4 (f)/ 4 (R) + p" 6 (0w 5 (f)/ 5 (R)) 
whereas 

A-ktWdtf-tdt^AkVMtMit))) 

<2 ' 26) 
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Now 

Ai)(id t + ^'Dy- 1 {t)co{t)f{R) 



2tu(t) tA'(t) 
-^a,(t) + tcb(t) + ^-co(t)D 



(2.27) 



Note that this is schematically of the form co(t)f(R) with / as in (12.191) , and 
co(t) bounded together with all powers of td t as t — > 0+. Henceforth, we 
refer to such functions co(t) as admissible. Thus we can write 

£ 2 A-5(f)ei(£,r) 

= ^r 2 (t)(co(t)f(R) - (lOW 3 (R)co 2 (t)f(R) + WW 2 (R)^ 2 (t)co 3 (t)f 3 (R) (2.28) 

+ 5W(R) f r 4 (£)o/(0/ 4 (R) + LC e (t)co 5 (t)f(R))) 

We \eta = L t -j l - Rb, b := p -1 and isolate those terms in (|2.28|) which do 
not decay for large R. Since we are working inside of the light-cone, we 
have < a < 1. Now, abusing notation somewhat, 

p" 2 (£)/(R) = b 2 R(F(p) + p 2 G(p 2 ) log p) = b«(F(p) + p 2 G(p 2 ) log p) 
p" 2 (f)W 3 (R)/ 2 (R) = fc 2 R- 3 Q(p 2 )R 2 (F(p) + p 2 G(p 2 ) log p) 2 

= b 2 R~ l (F(p) + p 2 F(p) log p + p 4 G(p 2 ) log 2 p) (2.29) 
p" 4 (f)W 2 (R)/ 3 (R) = b 4 R- 2 Q(p 2 )R 3 (F(p) + p 2 G(p 2 ) log p) 3 

= fc 3 «(F(p) + p 2 F(p) log p + p 4 F(p) log 2 p + p 6 G(p 2 ) log 3 p) 
where F, G can change from line to line. Similarly, 

p" 6 (0W(R)/ 4 (R) = fc 6 R" 1 Q(p 2 )R 4 (F(p) + p 2 G(p 2 ) log p) 4 

= b 3 a 3 (F(p) + p 2 F(p) log p + p 4 F(p) log 2 p 
+ p 6 F(p) log 3 p + p 8 G(p 2 ) log 4 p) 
p" 8 (0/ 5 (R) = fc 8 R 5 (F(p) + p 2 G(p 2 ) log p) 5 

= b 3 « 5 (F(p) + p 2 F(p) log p + p 4 F(p) log 2 p 

+ p 6 F(p) log 3 p + p 8 F(p) log 4 p + p 10 G(p 2 ) log 5 p) 

(2.30) 

From (12.291) , (12.301) we extract the leading order 

£ 2 A~5 {t)e\{t, r) := p _1 (f)(cifl + c 2 b + (c 3 fl + c 4 fl 3 + c 5 a 5 )b 2 ) (2.31) 

with Cj = Cj(t) admissible functions. Indeed, from the first line in ( |2.29|) 
we extract ba(F(0) + pF'(O)) = bac\ + fo 2 C2, whereas from the fifth we extract 
b 3 aF(0). From the second line in (|2.30|) we retain b 3 a 3 F(0), and from the fifth 
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one b 3 a 5 F(0). The point here is that with this choice of e° x one obtains a 
decaying error as R — > oo 

_ 2 rlogR 1 n ( 2 - 32 ) 

= P (*)[— r - °i (t> a >b, P log p,p) + ■^0 2 (f / fl / b,plogp / p)J 

where $>j{t,a,b,u,v) are polynomials in a, & and analytic in u,v near (0,0); 
moreover, their time dependence is polynomial in admissible functions. 
Writing b — -| we may delete the terms involving b 2 = ba/R on the right- 
hand side of (|2.31|) , since they are of the form (J2.32[) . Thus, it suffices to 
consider the simpler leading error 

f 2 A - 3(f)e°(f,r) : = ciflp _1 (0 + c 2 p _2 (£) = c x (t)ab + c 2 (t)b 2 (2.33) 
with C\(t), c 2 (t) admissible. 

2.5. The second correction. Now we would like to solve the corrector prob- 
lem "near r = t", i.e., 

t\v tt - v rr - -v r ) = -t 2 e\ (2.34) 

Note that we have discarded the nonlinearity on the left-hand side since it 
decays near r — t. This is designed exactly so as to remove the growth in R. 
We seek a solution in the form 

v{t, r) = A{t)^{y.- l {t)m{a, t) + p" 2 (% 2 (fl, 0) (2-35) 

with boundary conditions ^i(0, t) - 0, ^(0, t) = and ^ 2 (0, t) = 0, q'JO, t) - 0. 
These translate into the boundary conditions v(t, 0) = 0, d r v(t, 0) = at r - 0. 
This v will essentially be the function v 2 - hi view of 

A(t)-^i a d t A(t)^- a =d t + r\~ - a-t) 

v 2 A p ; 

we are reduced to the system 

Pl(t)\2 , 2 



and 



where 



t 2 (-(d t + ^) + d rr + -d r )q 1 (a,t) = c 1 (t)a (2.36) 



t 2 ( - (d t + ^-f + d n + - r d r )q 2 (a, t) = c 2 (t) (2.37) 



W f) = TJ ~ jt J = °' " 1/2)K(0 ~\' j = 1,Z 

We impose the boundary conditions (p(0, t) - d a qj(0, t) - 0. 
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Lemma 2.2. Let A(t) be as in {2.3} with \eq\ sufficiently small. Equations (|2.36|) , 
d2.37| ) have solutions qAa, t) satisfying qAQ, t) - d a qj(0, t) - 0, qAa, t) e C 2 ({0 < 
t < to, < a < 1}). Furthermore, for k > and < I < 2 we 7zaz;e 

dfd£<fe(a, = 0(r k a 2 - e ); d\d{q x (a, t) = O(rV^) (2.38) 

Proof. Now, with 4; = d t qj, (12.361 1 and (|2.37|) can be written as 

t 2 ( - (d t + + <9 )T + -d r )qj(a, t) 

= ((1 - a 2 )d 2 a + (2%(t) - l)a + 2a-')d a - (i 2 (t) + ft(f) - t/j ; -(t)) 9; -(a, t) ( 2 - 39 > 
- (f 2 ^, + 2Pj(t)tcjj(a, t)) + 2atd a qj(a, t) = Cj(t)a 2 ~' 

By ((231) we have /3y(f) = v, + 2e, cos(log t) with vy = (;' - l/2)v - | > 1 and 
£y = (j/2 - l/4)£o- We note that the admissible functions Cj are as in d2.31| |, 

which are of the form co k (t) in A2.28D . These are parts of t 2 A~?(t)e\(t, r) with 
e\ defined in (|2.23[) , and they come from (|2.27[) applied no more than twice 
to V\ instead of f, where V\ is as defined in (|2.2H> with a); coming from t 2 eo 
in 02.9I ). Thus we see that Cj(t) are polynomials of jc(f) with the operator tdt 
applied finitely many times, which means we can write 

Nj n 

c i {t) = E E ^ ' (,! ~ 2m)! (2 - 40) 

«=0 m=0 

since polynomials of k(£) have this type of expansions and they are pre- 
served by the operator td t . 

For convenience we drop the subscript j and write (|2.39|) as 

((1 - a 2 )d 2 + (2(p(t) - l)a + 2a~ 1 )d a - j8 2 (f) + p(t) - tp(tj)q(a, t) 
-(t 2 q(a, t) + 2p(t)tq(a, t)) + 2atd a q(a, t) = c(a, t) 

where 

(6(0 = v + 2e cos(log f) = v + £ £' + £ f~ ! ' 

and 

N n 

where c, hm (a) is linear in a. We seek a solution to (|2.41|) of the form 

oo n 

q{a, = E E E "SnAa) t in ~ 2m)l (2.42) 

n=0 m=0 
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where g n , m (a) = g n ,n-m(a). Plugging l|2.42|) and (|2.40[) into (|2.41|) we see that 

oo n 

£ E £ " f(,1 " 2m) ' K 1 - « 2 )^,m(«) + (2(v - 1)« + 2a- l )g' nim {a) 

n=0 m=0 

+ 2fl(^_ 1 + g / n _ 1/m _ 1 (fl)) + (v - v 2 )g„ /m (a) - 2g n -2,m-\{a) 

+ (1 - i - 2v)g„- lrn (a) + (1 + i - 2v)gn-l,m-\(a) ~ gn-2,m( a ) - gn-2,m-2{a) 

+ in - 2m)(n - 2m + i - 2vi)g n>m (a) - 2i(n - 2m - l)g n -i,m(a) 

oo n 

- 2i(n -2m + \)g n -x^-x{a) + 2ai(n - 2m)^ /W (fl)J = £ £ t (n ' 2m)i 

«=0 m=0 

where g n ,m(a) = if n < or \n — 2m\ > n. Collecting powers of £ and t' we 
obtain the equation 

(1 - « 2 Km(«) + (2(v - 1)« + 2a" 1 + 2ai(n - 2m))g' n/m (a) 

+ (v - v 2 + (n - 2m)(n -2m + i- 2vi))g n/tn (a) 
= -2«(g;_ 1;m («) + - (1 + i - 2v - 2i(n - 2m))g i; _ 1/m (a) 

- (1 - i - 2v - 2z'(n - 2m))g n -i /m -i(a) + 2g n - 2 ,m-\{a) 

+ gn-2,m(a) + gn-i,m-i{a) + c W/W (a) =: R n ,m{a) (2.43) 

Note that Ro,o( fl ) = co,o( a )- 

The associated homogeneous equation 

(1 - aV„',m(«) + (2(v - 1)« + 2a" 1 + 2ai(n - 2m))g' lhm (a) 

+ (v - v 2 + (n - 2m)(n - 2m + i - 2vi))g n>m {a) = (2.44) 

has two solutions 

(1 - a y+l+(n-2m)i + a y+l+(n-2m)i 

a ' a 

and their Wronskian is 2a~ 2 (v + 1 + (n - 2m)i){\ - 2^+(n-2w)i_ Therefore by 
(l2~43l . 

g^m can be defined recursively as 

* W = ^ + 1 + („ - 2,„)0 1 * (1 + t^^^m* 

CI _ fl \f+l+(«-2m)i p« 

- TF-TT7 TTT x(l-xr*- l - {n - 2m)i Rn, m (x)dx (2-45) 

2a(v + 1 + (n - 2m)i) J 

which implies 

(«g„,m(«))' = " ^ X(l +x)- f '- 1 -("- 2 '")% ;m (x)dx 

2 Jo 

(1 - n \v+{n-2m)i ra 

+ - ~ 2 J o x{l-xr- l -^- 2m ^R n , m {x)dx (2.46) 
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With g n/ , n thus defined, (|2.42|l gives a formal solution to (|2.41|) . In order to 
show that (12.42)1 gives a true solution, it is sufficient to show that g" /jn (fl) is 
continuous and for some Co > we have 



IIS), 



m \\oo ■- 



sup lg£»l < c ! 

«e[0,l] 



for < A: < 2, since this would imply \2A2) is convergent and twice dif- 
ferentiable in both a and t with continuous second derivatives for < 
t < to,0 < a < 1, as long as £ < Cq 1 . To show that the initial conditions 
q(0, t) = d a q(0,t) = are satisfied, we only need to show g n ,m(0) - g , nm (0) - 0. 
By differentiating <(2~42|> we see that d\d e a q{a, t) = 0(r k a 2 ~ £ ) for k > and 
< I < 2. In addition, to show the second estimate of (|2.38j) we will prove 
the inequality 

\g'l m {a)\ $ «Cf 1 (2.47) 

for some C3 and < a < 1/2. Note that we do not need to show g n , m (a) = 
gn,n-m( a ) since we can simply take the real part of q(a, t) in (|2.42|) to get a real 
solution. 



Since 



(1 + af +in - 2m)i f x(l + xY^-^-^Rn^dx 
Jo 

pa 

< flP„ /fn iu(i +fl) r ' I (1 + x)-^ 1 ^ 

Jo 

= flV _1 ((l +flf - l)||R, 1/m ||oo 

(1 - fl f+("- 2m ) ! J X (i - x)^- 1 -^- 2 ")*^^)^ 

<fl||R W/M IU(l-flf f (l-X^dx 

Jo 

= flv- 1 (l-(l-fl) i> )||R„ /m || 00 

^ fl ||-Rji,ntlloo 

and V2|z| > \%z\ + |3z| for any z, we have by ( 12.461 1 

V2(2 f '" 1 + T-^RnsnWoo 



\gn,m{d)\ 



(\n - 2m\ + v + 1) 
l(0gn,m(«))'l < V2(2 f '" 2 + 2- 1 )fl 2 ||R„ /m |U 
lgrc,m(«)l < « _1 (l(0gn,m(fl))'l + lgn,m(fl)l) 

< V2(2 f '- X + 2" 1 )(1 + (v + l)" 1 )!!^ 



(2.48) 
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for alias [0,1]. We let 

ci = sup (|c„ /W (fl)L |c^ m (fl)|) 

(K(Kl,(Km^n<N 

By (|Z43l) and ((Z48)l we have 

\Rn,m( a )\ = I - 2((flgn-l,m(«))' + («gn-l,m-l («))') 

- (-1 + i - 2v - 2i(n - 2m))g n . 1>m (a)) 

- (-1 - z - 2v - 2i(w - 2m))g )3 _i /m _i(a) 

$n—2,mv*-) &n-2,m-2 

(a) + c„, m (a)| 

< 2(|(fl^ n _i ;ra (fl))'| + |(flg„-i, w -i(fl))'|) 

+ 2(v + 1 + |n - 2m|)(|g„_ 1 , m (fl)| + |g„_ 1/M _ 1 (fl)|) 

+ 4 max \gn-2,m- 

j(a)\ + ci (2.49) 

0</'<2 

< Ci max ||-R n _i m _fc||oo + ci (2.50) 



for some Ci > 1. Since |Ro,o( fl )l = |co,o( fl )l ^ Cu we have by induction 
which implies by 02.481 ) 



\Rn,m(x)\ < (Ci + C!)" +1 (2.51) 



< |n-2m|+P + l ' "^ Jo ° < (2 - 52) 

for some Ci > 1. Note that by (|2.46|) is differentiable, implying R„ /m is 
continuous by (|2.43|) , and thus we know m is continuous by differentiating 
(|2.46|) . To estimate g" m , we rewrite i2A6} using integration by parts as 

n + fl \v+(n-2w)i pa 

(flg»,i»(fl))' = - — - 2 — J o ^l+xr-^-^R^wdx 

+ 2(v + (n - 2m)0 2(v + (n - 2m)z) J ( j l " VW) dX 

which implies 



|2(flg„, m (a))' 



(v + (n - 2m)z)(l + a f- 1+(n - 2m)i I x(l + xY^-^'^Rn^dx 



+ (1 + a) l a\R niTn {a)\ + 



(1 - a f- l+(n - lm)i f (1 - x)- f '- ( "- 2m) '(xR f!/m (x)) , rfx 
Jo 



< 0(1 + af l {v" l 2 v (v + |n - 2m|) + l)||R n ,„ 

m~-i 



+ (v - 1)^(1 - (1 - flf- I )||(xR W/W (x))'|| 00 (2.53) 
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This together with (|2.48|) and (|2.51[) implies 

\{aR n , m {a))'\ < 2(|(ag„_ a , m (fl))"| + \{ag n ^ m ^{a))"\) 

+ 2(i? + 1 + |n - 2m|)(|(flg„_ 1 , m (fl))'| + |(flg„-i, m -i(fl))'|) 
+ 4 max |(flg„- 2 ,m-/(fl))'l + 2c a 

< C 2 ((v + 1 + |n - 2m|)(Ci + ci) n 

+ max ||(xR )3 _i m -)c(^))'lloo + 2cj (2.54) 

for some C 2 > 1. In particular |(aRo,o( fl ))'l ^ 2c\. Thus we have by induction 

WixR^mWU < (v + 2 + n)Cf 1 (2.55) 

where C 2 = 2(C 2 + Ci)(Ci + Ci). Therefore, by (12311 , d233l , and d235l 

l(«^,m(fl))"l < flCf 1 (2.56) 

for some C 2 > 1, where we used the fact that in ( 12.531) we have < 1 — (1 - 
a) v ~ l 5= a. Now, integrating the estimate for (ag n , m (a)y in (12.481 ) we get 

l£n,m(fl)l < 3_1 V2(2 f '" 2 + 2" Vl|Rn,mlU (2.57) 
which together with (I2.48D and ( 12.511 ) implies 

l^,m( fl )l < « _1 (I I + Ifem(fl)l) 

< V2(2 i> " 1 + 2- 1 )(l + 3" 1 )fl(Ci + ci)' !+1 (2.58) 
By d2.56[) and ( I2.58D we have for some Co > C\ 

|^ w (fl)| < a-\\{ag n , m {a))"\ + 2\g', htn (a)\) < q +1 (2.59) 

By (12321 and C391 we have HgJ^OOIL < C n Q for < k < 2. Since R n , m is 
continuous (cf. the discussion below (12.521 )), writing R H/ , n (x) = R n ,m(0) + o(l) 
and expanding (12.451 ) at fl = we get g n m{a) - o{a), implying g nm {G) = 

g'nJO) = 0. 

In addition, for c\\ we have c„ /tn (a) = c U/m a. By H2.52D we have |g^ /m (fl)| < C" +1 
and |g„, m (fl)| < flC" +1 and thus by definition (cf. (12^431 ) 

\R„, m (a)\ < aq +1 
for some C3 > 0. By (12.431) we have 

l(«gn, m («))"l = (1 - a 2 )- l \2a{v + {n- 2m)i){ag Uim {a))' 

+ (-v - v 2 + (n - 2m)(n -2m- i- 2vi))ag ni , n (a) - aR„ /m (a)\ < fl 2 C3 +1 

for some C3 > as long as < a < 1/2, which implies (|2.47|) by direct 
calculation. Therefore, q(a, t) given by (|2.42|) is a solution to (|2.41|) satisfying 
the stated conditions (see the discussion below (|2.46[) ). □ 
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Remark 2.1. One can modify the proof of Lemma 12721 so that the results hold 
for A(£) = f ~ v F«(sin(log t), cos(log t)) where F a (u, v) is analytic in u and v at 
the origin with sufficiently small derivatives. In this case, estimates of the 
type (|2.50J) remain valid. 

Similarly the results of Lemma 12721 hold for A(f) = f~ 1_F F/,(F') where is 
analytic at the origin with sufficiently small derivatives, and y € R + . In this 
case, instead of (|2.42|) one considers 

oo 

q{a,t) ^YuSnW" r (2.60) 

n=0 

and the rest of the proof is similar to that of Lemma 12721 
Using a = R/i -1 we may rewrite d2.35|) in the form 

v 2 (t, r) := ^(R<7i(«, t) + q 2 (a, f)) (2.61) 

where we have set q\{a, t) := a~ x q\(a, t). Note that both q\ and q 2 are 0(a 2 ) 
as a — > 0. Thus by Lemma [272] we have the estimate 

^> 2 (U0 = o(rt-<^|l«j (262) 

for k > and < / < 2. Furthermore we have 

Lemma 2.3. For < r < t/2 the estimate (|2.62b holds for k, j > 0, or equivalently, 
|^??2(f,r)| < C fc/ i V — 

M (0 

/or a/Z jt, £ > 0. 

Proof. Note that for any differentiable function / we have rd r f(t, r) = ad„f(t, at) 
and td t f(t,r) - (td t - ad„)f(t,at). This implies 



t k /d k t d e r V 2 (t,r)\ < C k/( — tk-mJ+m^k-mjC+m 

Thus it is sufficient to show that 



\ff&dt r v % (t, r)| < C k/ max f-V +w |df w d£ +w z> 2 fc at)\ (2.63) 



■Vafjfefe^-O py (2.64, 

for all Jfc, £ > 0. 

For £ < 2 this follows from (|2.62|l . For £ > 2, we only need to show 

By (12.611) it is sufficient to show that 

%#Ma, t) = 0(t- k ); d\diq 2 {a, t) = 0(t~ k ) (2.65) 
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since d a R = a _1 R and d' a R = for > 2. By ( |239|) we have for j = 1,2 
(1 - a 2 )d 2 a (aqj(a, t)) = -{2^{t)ad a - &{t) - fy(t) - tPj(t))aqj(a, t) 

(2.66) 

+t 2 acjj(a, t) + 2(fij(t) + V)tacjj(a, t) - 2atd a (acjj(a, £)) + a 3 ~kj{t) 

Note that dffy(f) = 0(r fc ), ^cy(f) = 0(t~ k ) (cf. ESfl V and by LemmalUwe 
have 

$9% (acjj(a, f)) = 0(r k ); < f < 2 (2.67) 

Thus by differentiating ( 12.66 1 ) and using induction on we obtain 

d\d C a{aqj(a,t)) = 0(r k ); £' > 2 (2.68) 

Recall that d\qj{a,t) = 0(<&~H~ k ) by Lemma E2 Thus by integrating ((2T68]) 
with £' = £ + 2 we have 

€+1 

fldfofo £) = £ c^(0« n + qf{a, t) (2.69) 
n=5-j 

where = 0(r fc ) and dfcj { f\a, t) = 0(r k a f+2 - m ) for < m < i + 2. Thus by 
differentiating 02.691) we conclude that 

0fcfoM)l< |d a V 2 <?f(M))l £ r* 

i.e., (|2.65|) holds. □ 

We set u-2 := «i + c 2 - M o + ^i + ^2- Finally (|2.22|) remains valid for «2 as 
well since R < p(£). In other words, Uq gives the main shape of the profile 
as a function of R. 

2.6. The error from Uz. We define 

<?2 -CquinticiUl) = -Cquintic(Ul + V2) 

2 

= £quintic(Ul) + u[- («i + U 2 ) 5 + (<?ff - ^ - -d r )v Z (2.70) 

= ei - e® - 5u\v2 - lQu\v\ - lOu 2 ^ - 5u\v\ - v\ 
We determine t 2 \{t)-\e 2 . First, from $232) 

£ 2 A-5(0( ei - e ?)(f,r) 

_, r logR 1 n ( 2 - 71 ) 

= y- 2 {t)[—j^®i(a, b, p log p, p) + -0 2 (a, b, p log p, p)J 

for R > 1. For |R| < 1 we read off from (Z28]> and d233l) that 

f 2 A"5(0( ei - e °)(f, r) = 0(p" 2 (f)) (2.72) 

This holds uniformly for small times, and td t and rd r can be applied any 
number of times without changing this asymptotic behavior as R — > 0. 
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Next, for large R, by ( |Z22)> and ( |Z62)) we have 

t 2 A-^{t)u\v 2 = 0(a 2 R" 3 ) = O(R-V" 2 (0) 
The final nonlinear term contributes 

£ 2 A"5(f)^ = (T 8 (t)0(R 5 ) = ^(^R^O^^R 6 ) = 0(R _ V~ 2 (t)) 

Thus 

f 2 A"3 (Qujzf-* = 0(R" V 2 (0) (R > 1, < A: < 4) (2.73) 

For small R we have «i = A$(t)0(l) by C22) and y 2 = A^{t)yT 2 {t)0(a 2 ) 
by dZ62l . Thus (recall that a = Rfi _1 (f)) 

f 2 A-5(f)u^ 2 = 0(fl 2 ) = O(fi" 2 (0) 

t 2 A~kt)uiv 4 2 = O(aV 6 (0) = 0(/T 2 (f)) 

and we have 

t 2 A- 1 2(t)u\v 5 2 - k = O(fi(0" 2 ) (R < 1, < k < 4) (2.74) 

By the preceding we gain a factor j,i~ 2 for all R, and the decay is at least 
as R — > oo. 

Finally by (|2.22[) and Lemma [231 we see that the estimates (12.731 ) and (|2.74|) 
remain valid after one applies td t or r<9 r any number of times if < r < t/2. 
Similarly by l|2.22|) and (12.621 ) we see that (I2.73I I and (|2.74|) remain valid after 
one applies td t and r<9 ; . no more than twice, if < r < f. 

2.7. Proof of Proposition 12.11 (i) (ii) Smoothness of «2 follows from (|2.8|) , 
(|2.21|l (where /; satisfies (|2.19|) , which can be differentiated), and Lemma 
12.21 which imply Uq, V\, v 2 are all in C 2 ({0 < t < to, < r < f}). 

To show (|23jl . it is sufficient to sho w tha t V\, 2 = yf Mtj ^~ 2 (t)0(R) for both 
small and large R. This follows from (|2.19|) and (|2.21|l for v\, and (|2.62|) for v 2 . 

Si milarly follows from the fact that dffip ^ = r k r-' y/X(fj ^ 2 (t)0(R) 
by (12.191 ) (which is clearly differentiable in R), (|2.21|) and Lemma 12.31 For 
+ ;' < 2 and 0<r<fwe use (|2.62|) instead of Lemma [231 

Finally (12.51 ) and (|2.7|) follow from d2.70|) , where the different parts are 
estimated in (|2.71[) , (|2.72[) , (12.731 ), and (|2.74[) , which remain valid after one 
applies td t or rd r any number of times if < r < t/2, or if they are applied 
no more than twice and < r < t. 

(iii) We let 

(u 2 (t, r), ifO<f<f ,0<r<f 
U 2 {t,r) = \u 2 {t,t) + {r-t)uf l \t,t) 

\+\{r - t) 2 uf 2 \t, t), if < t < t , t < r < (1 + 2&i)f 

where b\ > and u 2 n,m \t, r) := dfd"u 2 {t, r). Clearly «2 is C 2 in r for fixed t. 
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By direct calculation using (|2.6|) we have for < k + j < 2 

uf j \t,r) = 0{ri-h- k A- ll2 {t)) 
Thus for t < r < (1 + 2b\)t we have 

u 2 (t,r) = 0(r 1 A- 1,2 (t)); d r ti 2 {t, r) = 0(r 2 A~ 1/2 (f)) (2.75) 

dfW 2 (f, r) = 0( max (r - t) n u ( ^ m ' n+m \t, t) + (r- t) 2 d t uf' 2) (t, t) ) 

\0<m<l,(Kn<l z z / 

where the first term is clearly of order 0{t~ 2 A~ l l 2 {t)). To estimate the sec- 
ond term, recall that u 2 - U\ + v 2 where by direct calculation u ' (t,r) = 
Oir-j-H^A- 1 ' 2 ^)) for all k,j > 0. Thus 

(r - tfd t uf 2 \t r t) = O(r 2 A" 1/2 (0) 
Since a — r/t, we have 

v 2 °' 2 \t,t) = t- 2 %v 2 (t,t) 

This and (JZ62]) imply 

d t vf 2 \t,t) = o(r 4 A" 1/2 (f)) 

Therefore 

d t u 2 (t,r) = O(r 2 A" 1/2 (0) (2.76) 
Now we let £>i be a smooth bump function satisfying 



Bi(x) 



1, if x < 1 

0, if x > 1 + b\ 



and we let u 2 (t,r) = u 2 (t,r)Bi(r/t) for r > f. Clearly u 2 is C 2 in r for fixed f. 
By direct calculation using (I2.75I ) and 02.761) we have 

w 2 (f,r) = O(r 1 A" 1/2 (0); <9 r u 2 (f,r) = 0(r 2 A" 1/2 (f)); <? f w 2 (f,r) = 0(r 2 A _1/2 (Q) 
Therefore &i can be chosen small enough to ensure 

i^dx < bir 3 A" 3 (0 < 6/3 



Jt<r 



\ (d r u 2 ) 2 dx < btf- x \-\t) < 6/3 



f (^m 2 ) 2 < bi^A'Ht) < 6/3 



Thus their sum is less than 6. 
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3. Construction of an exact solution 
Our aim next is to construct an energy class solution of (|2.i|) of the form 

U = U 2 + £ 

in the backward light cone r < t, < t < t^. One immediately infers the 
equation 

□£ + 5«q£ = 5(v.q - u^e - N(u 2 , e) - e 2 , (3.1) 

where we have 

N(u 2 , e) = Wu 3 2 e 2 + Wuje 3 + 5m 2 £' 4 + £ 5 ; 

also, we shall denote by e 2 an extension of e 2 in the preceding section 
beyond the light cone satisfying the same asymptotics as in Proposition ^. II 
Proceeding exactly as in |2], we pass to the variables 

t = f A(s) ds, R = A(t)r, v(z, R) = Rc(t(T), r(z, R)) 

J t 

Writing0K(T) := A(t(r)) r as well as j8(t) := and 

D:=d z + p{x){Rd K -l), 

we get 

[D 2 + p(z)D + £]v = k- 2 (t)[5(w^ - u\)v + RN(u 2 , |) + Re 2 ] (3.2) 

where X := -d^ - 5W 4 (R), and we interpret u 2 , Uq, e 2 as functions of x, R. In 
fact, since it suffices to solve this problem in a dilate of the light cone, we 
replace it by 

[£> 2 + f}(z)D + £]v = k - 2 (t)x(^)[5(4 - u\)v + RN(u 2 , |) + Re 2 ] (3.3) 

for some smooth cutoff % £ C^°(R+) with x\r<\ - 1- I n fact, the main work 
consists in solving the linear in-homogeneous problem 

[D 2 + p(T)D + £]v = /, 

where / satisfies bounds like K~ 2 {T)x(^)Re 2 . Our approach below is a gen- 
eral framework to solve such problems, applicable to much wider classes 
of scaling factors A(t). 



We warn the reader that the symbols [> and k have a different meaning here than in 
Section|2] 
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3.1. The distorted Fourier transformation. Here we freely borrow facts 
from EU as well as Q, 0. We state 

Theorem 3.1 (Spectral theory for X). 

• The Schrddinger operator £, is self-adjoint on L 2 (0, oo) with domain 

dom(£) = {fe L 2 (0,co) :f,fe AC[0,R] VR > 0, 

f(0) = r £feL 2 (0,oo)} 

and its spectrum is given by o{£) = [E,d\ U [0,co) where Ed < 0. The 
continuous part of the spectrum is absolutely continuous and the eigen- 
function (p(R,Ed) associated to the eigenvalue Ed is smooth and decays 
exponentially as R — » oo. 

• The spectral measure p is of the form 



= „,, r J + 



where b^ A denotes the Dirac measure centered at Ed and the function p 
satisfies p(E) = Ofor E < as well as0 

p(£) = £r*[i + o(£&)] o<£<i 

p(«) = ^[l + 0(rt] 
w/zere tfze O-terms behave like symbols under differentiation. 
There exists a unitary operator tl : L 2 (0, oo) — > L 2 (a(X), dp) w/zz'c/z diag- 
onalizes £, i.e., H£.f{E) - Etlf(E)for all f e dom(X). The operator H 
is given explicitly by 

<Uf{E) = lim f cp(R,E)f(R)dR 

fc^oo Jo 

w/zere f/ze Zz'mz'r z's understood in L 2 (o(£,),dfi). The function (p(-,E) is 
smooth and (formally) satisfies -£<£(•, £) = £<^>(-, £) as weZZ as (p(0, E) = 0, 

0'(<U) = 1. 

For < £ < 1 we Zzaue f/re asymptotics 
<f>(R, £) = O (K)[1 + 0«R> 2 £)] < R < r * 
^(R,£) = ^e^ R [l + 0(£5) + 0«R)" 3 r5)] 

+ i^va^i + (£s) + o«R)- 3 r5)] r > 

wZzere aZZ O-terms behave like symbols under differentiation and 

R(l - ±R 2 ) 



•>o(R) ■-- 



(1 + ±R 2 ) 3 / 2 ' 



The conclusion for the asymptotics near E, = is not optimal and one can replace 0(£s ) 
by 0(£? ), but we will not need this. 
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In the case £ > live have 

4>(*u) = i<r^ R [i + o(cb + o((R)- 3 rb] 
- ir5e" ,V7R [i + o(<H) + o«R)- 3 r5)] 

/or allR>0 with symbol behavior of all O-terms. 
• The inverse map tl~ l : L 2 (a(£,),djj) — > L 2 (0, oo) z's gz'yen by 

where the limit is understood in L 2 (0, co). 

For the following it turns out to be more convenient to use a vector- 
valued version of H which we denote by T and call the "distorted Fourier 
transform". Thus, we identify L 2 (a(X), d\i) with C x L 2 (0, oo) and define the 
mapping T : L 2 (0, co) -> C x L 2 (0, co) by 



*W/l[0,oo) /' 



According to Theorem I3. II the inverse map T 1 : C X L 2 (0,oo) — > L 2 (0,oo) 
is then given by 

T ~ X ( f ) = r^TT^r fl + , lim f W 0/<8p(O#- 



'L 2 (0,°o) 

From now on we shall write 



o(t,R) = ^(t)^(R)+ x(t, £)</>(*, £)p(£)# 
Jo 

where the functions x(t, £) are the (distorted) Fourier coefficients associated 
with u(t, •)■ We write 

Then precisely as in |9j/ we obtain the relation 

(£ 2 + /J(r)£> + |)x(t, = 7?(t, x) + /(t, £), (3.4) 

where we have 

ft(x, x)(£) = ( - 4p{rYKt)x - jS 2 (t)C7C 2 + 7C] + 7C + ^^ 2( K)x){e> (3.5) 
wither) = §g, and 

/(t, £) = f(k- 2 (t)[5(u4 ;c _ 1 _ M 4 )y + p) + Re2 ])(^) (3 . 6) 
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as well as the operator 



with 



Finally, we observe that the "transference operator" % is given by the 
following type of expression 

<K = I % c \ (3 7) 

where the matrix elements are certain non-local Hilbert type operators. 
Then we use the key observation, already made in J9), that the abstract 
problem (13-41 ) with Kir, x) — can be solved explicitly for the continuous 
part x(z, £,). In fact, we have the relation 

x{t,S)= H c (T,o,Z)f(o,^£)do (3.8) 

with 

H c (T / ff / 4) = r i ^^ sinkr^i f K^dul (3.9) 

Ki(ff) pJ(£) L Jt j 

Furthermore, letting (as in |2fl ) 

i) c := <? T + pOrJttc, 

one computes from the above parametrix representation that 

2/ \ 

H c (T,a,|)/(a,^4)da (3.10) 

with 

3 L£(r)n 

H c (T,a,^)= K ; (T)P f (a) - costoi fV( M )^l (3-11) 
We can immediately formulate the following 

Lemma 3.2. Denoting co v {t) := t 1+ ^, and letting k(t) = A(£(t)) as m f/ze preced- 
ing, we have the kernel bounds 

X _l T 

|H c (t,ct,£)| < min{cu F (-)£ 5, vo) v (-)cj} 
a a 

|H c (T,a,^)| <w v (-) 
a 
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Indeed, this is a simple consequence of the fact that 

K(T) ~ T 1+ ^ 

For the discrete part x d {%) of the solution of (13.41) with ^(t, x) = 0, we obtain 
the implicit equation 

J- 1 i 1 

H d (T,a)f d (a)da, H d (r,0) = --\Z d ne- ] ^ l ' [ - al 
2 (3.12) 

/rf(ff) = - p v (o)d a x d (o), 

In order to solve the problem d3.4b via a fixed point argument, we shall 
utilize the functional framework developed in 112)1 : 

Definition 3.1. For the continuous spectral part x(t,E,), we shall use the 
following norms: 

i 



l^ := ll/lbco^ + IK^^II^ccoo) 
as well as 

INI^ := supT^||w(T,-)llx, Nly* := sup t^||u(t, -)l|y 

T>T T>T 

Then for the vector valued function x(x, £), we put 

M\x«* := su P Ta l x rf( T )l + IWT/OI^ 

T>T 

:= supT a |x rf (T)| + ||x(t,-)II^ 

T>T 

We remark that in the following 5 > is assumed to be small and p > 1 is 
assumed to be large, depending on 5. 

To proceed, we first need to study the linear inhomogeneous problem 

(D 2 + P(t)£) + |)x(t, £) = /(t, |) (3.13) 

To prepare for this task, we have 

Lemma 3.3. Let k(t) = A(t(z)) as in the preceding. Let a,b,y e R, q e (1, oo), 
and 

a > 1 + 2 (i + max(|fl|, \a + b|)) (1 + 1) - y. 
Suppose further that the operator S is given by 

B{z,o t £,)x{o,co{z,o) 2 S,)do, 

where co(z, a) := k(t)k _1 (<j), and the kernel B satisfies 

\B(t,o,Z)\Z0-v 
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for all < To < t < a, E, > 0. Then we have the bound 

P*(t,-)I • | 8 (-) b |lL ?( o,oo) < T- a ->' +1 supa«|Wa,-)l ■ l 8 (-) b lb ( o,oo). 

Proof. First, we consider the case a = b - 0. By Holder's inequality we 
obtain 

(poo \l/q' I poo 1 \l/q 

J ff-^iffj (J la^^xfowfrff^I'dal (3.14) 

for any e > 0. This implies 



||£x(t,-)IIw <t fy^ o qi 7 {1+e) y a) \\a a x(o,a}(T,o) 2 ^ q 



Li 



1/'/ 



< T ? 



sup a ff ||x(a,-)lb 



) 



< T "«-)'+l SU p a «|| x ( a/ .)|| L , 



provided q{h - y - a) + 2(1 + < -1 and e > is chosen sufficiently small. 
The case for general a, b follows immediately by noting that 

\\x{oMr,o?-)\ • r<->X * ^(^)- 2 - 2?max(l4|fl+ " l) ii^a,-)i • r<->X 

which entails the integrability condition 

- y - a) + (2 + 2^ max(|fl|, |a + b\)) (1 + 1) < -1. 

□ 

We can now solve ( 13.13ft by the following 

Lemma 3.4. Let a rf 6 K and a c > 1 + |(1 + 1). Tfren given f e J/ a <*' ac , fere 
exists a solution x e X adAc ~ l ~ 25 for \3.\3) . Denoting this solution by 

*-=($#)-=«/. 

we /ifli;e f/ze estimates 

Wx\\ 

a d ,ac 

\\UHx\\ 

where 5 > is the parameter in Definition \3.1\ 

Proof. We can explicitly define the continuous spectral part x(t, via 03.81 ), 
(I3.9D , and the discrete part x^(t) implicitly via (I3.12I ). Combining (13.101 ), 
(13.11)) , Lemma l3~2l as well as Lemma l3~3l we get ||£) c 'H c x|| < ya (; -i < ||x|[y« c . On 
the other hand, using 

|H c (T,a,£)l<v 2 V(^)a 26 H +6 
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which follows from Lemma [372l by interpolation, as well as Lemma l3~3l we 
have 

IN • fi- 5f H c x{T,-)\\LP < V 2 \-^ +l+2b \\x\\^ c . 

Further, Lemma [331 gives 

IN • |5(.)^ C X(T,-)|| L 2 < III • |^ c x(T,-)l|y < T- a < +1 \\x\\va c . 

This completes the desired bounds for the continuous part x{x, •). To control 
the discrete part, we observe that, see ( I3.12I ) 

sup T a * | H d (x, a) f(a) da\ < sup z a * | /(t)|, 

T>Tq Jt T>Tq 

su P t^ t H d (r,o)f(o)do\ <supT a "|/(T)|, 

t>t Jt t>to 

In light of the fact that 

MO - 

T 

the implicit equation 

H d (T, tr)(/ rf (a) - p v (o)d a x d (o)) da 

is then solved via straightforward iteration provided t > To with To suffi- 
ciently large, and the limit satisfies 

SUpT a "|x rf (T)|<SU P T^|/,(T)| 

T>T(} T>To 

This completes the proof of the lemma. □ 

3.2. Solving the main equation. Abstractly speaking, Eq. (13.41 ) is of the 
form 

Lx = x + Ax + F(x) (3.15) 

where Xq is a given element in a Banach space X, A is a bounded linear 
operator on X, and F is a nonlinear mapping from X to X. Furthermore, 
the operator L is linear and invertible with bounded inverse H, in light of 
Lemma 13.41 The goal is to find a solution x e X. Compared to Eq. (|3.4|) , 
this is a slightly simplified model case but it captures the essentials. By 
applying H, one rewrites Eq. (|3.15|) as 

x = Hx + HAx + HF(x). (3.16) 

The point is to find a method to solve Eq. d3.16|) , even if the operator norm 
of HA is not small, i.e., if one cannot apply the Banach fixed point theorem 
directly. The idea is to perform an iteration procedure. This means that 
one first proves the existence of (1 - HA)' 1 which amounts to showing the 
norm-convergence of the Neumann series 



£(HA)». 



/!=0 
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Thus, one has to consider ||(HA)"|| and prove an appropriate bound that 
makes the Neumann series convergent. The point is, of course, that only 
very large n are relevant here and hence, one may exploit a smallness 
property which only shows up after sufficiently many iterations. This is 
exactly the idea which is used to solve Volterra equations. Once one has 
obtained the existence of (1 - HA)' 1 , one rewrites Eq. ( 13.161 ) as 

x = (1 - HA)- l Hx + (1 - HA)- l HF{x) (3.17) 

and if the nonlinearity F is suitable, it is possible to solve Eq. (13.171 ) by a 
fixed point argument. This is roughly speaking the program we are going 
to follow in order to solve Eq. (13.41) . 

3.3. Time decay of the inhomogeneous term. According to the program 
outlined at the beginning of subsection 13.21 we first focus on the difficult 
linear terms on the right-hand side of Eq. (I3.4I ). In fact, the linear term with 
the least decay is the one containing the derivative T)x since the other one 
comes with a prefactor of t~ 2 which is enough to treat it directly with the 
Banach fixed point theorem. Thus, for the moment we focus on the equation 

[£> 2 + p£> + = e - IfiKDx (3.18) 

where 

e{x,H) :=K(Tr 2 T[\-\x(T,-)e2(T,-m) 

is the inhomogeneous term on the right-hand side of Eq. (|3.4|) . The first 
step, however, is to identify suitable spaces in which we intend to solve 
Eq. ( I3.18I ). It is clear that we have to solve for the pair (x, T)x) since both 
terms x and !Dx appear on the right-hand side of Eq. (|3.4|) . The estimates in 
Lemma [3~4l suggest to place (x, !Dx) in X" 1 ^ 1 x }j a ^'h where the decay rates 
aj and jSy, = 1, 2, are dictated by the inhomogeneous term e. For the latter 
we have 

Lemma 3.5. We have the estimates 

|k(t)- 2 ^/(| • |*(t, •)«*(*,•))(&)! ^ c v t- 3+ 5( 1+ ^) +£ 

\<t)- 2 V(\ ■ |£(t,> 2 (t, •))(£)! < C v T- 3+ ^ 1+ ^) +e <^)- 1 
for all t > 1, 4 > and any fixed e > 0. 
Proof. According to Proposition 12 . 1 1 we have the bound 

\K(T)- 2 x(T,R)Re 2 (T,R)\ = | K (T)- 2 *(£)R e2 (^,^)| 
<C v k(^t-\R) £ 

for some fixed (but arbitrary) e > and with symbol behavior of the deriva- 
tives of degree at most two. If < E, < 1 or E, — we have from Theorem 
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Othe bound \<j>(R, £)| < 1 for all R > and thus, 

X3vt 
\<P(R,£)\(R) e dR 

< C v T" 3+ 5 (1+ ^ )+e . 

If £ > 1 we exploit the oscillatory behavior of (p(R,E,) given in Theorem 13. II 
and perform one integration by parts to gain an additional factor £~3 . This 
yields the bound 

|k(t)- 2 ^(| • \x{xr)e2{%-))m < C^^^C 1 
which implies the claim. □ 
Lemma 3.6. Let a, ft < 3 - \{1 + \). Then the function e belongs to the space 

Proof. The stated time decay (which implies the conditions on a and fi) is 
an immediate consequence of Lemma 1331 Based on the estimate in Lemma 
I3.5l it therefore suffices to prove that <-) _1 e Y. It is clear that <-) _1 € LP(0, do) 
for p large and for the L 2 -based component we distinguish between small 
and large £. For small £ we recall that p(£) £~5 (Theorem 13.11) which is 
integrable near and for large £ we have 

|<£>- 2 <£>Jp(£)| < <£>"i 

since p(£) ^ £2 for £ > 1 again by Theorem |3.11 □ 

Lemma 1531 shows that e e Y? +e '3 +e for a sufficiently small e > provided 
v is sufficiently large which we assume from now on. Consequently, Lemma 
HU yields 

<He e xi +e '^ +£ - 26 , TfHe_ e J/h e -l +e 

and thus, if we choose X-3- 25 '3- 25 x J/3'3 as our solution space, we even 
obtain smallness for the inhomogeneous term, i.e., 

* V 26 T" e , \\&H4\ vU < To'. (3.19) 

By applying the operator followed by T) to Eq. (13.181 ), we obtain 

t>x = t) ( He - IDTip'KDx. (3.20) 

a 4 4 

Solving this equation for Dx e J/3'3 amounts to proving existence (and 

boundedness) of the operator (1 + liyH^K)' 1 on J/t'i. As in (Til and EJ 
we write 
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for the matrix components of %. With this notation we have 

where £) d is just d T . We start by inverting the diagonal elements of 1 + 
l-TfHffK. Since TC^ is a linear map from C to C, it is just given by a number 
(to be precise, we have "K dd a = — §« for all aeC, see [2j). Furthermore, by 
Lemma [3~4l we have 

|£W7WT)| < T-Vrf(T)l < ToW)! 

since j8(x) T 1 . This shows that (1 + 2D d f H d ^ t K d d)~ 1 exists. 

3.4. Structure and properties of *7C. In order to proceed, we need more 
detailed information on the operator < K. The operator % has been analysed 
in detail in HTT1 and 121 . It is easy to see that < 7C C ^ : C — » L 2 (0, oo) is given by 

/~»oo 

7e cdg (£) = — * <p(R,£)[RdR-l]ci>(R,Zd)dR 

ll^(v^)llf 2(0co) Jo 

with (p from Theorem [37TJ For 'K^ and 7C CC we recall the following result. 
Theorem 3.7. The operator "K cc : L 2 (0, oo) — > L 2 (0, oo) fs gz'yen fey 

Jo 

where the kernel K cc is of the form 

with a symmetric function F e C 2 ((0, oo) x (0, oo)). Furthermore, for any N e N, 
F satisfies the bounds 

m,ri)\<c N 

1^,77)1 + |3^ ( t|)|<C N 



max|<9p5F(£,77)|<C 



j+k=2 



N 



£ + 77 




£ + 77< 1 


(£ + r ] )- 1 (l + |£5 - 


£ + 77> 1 


1 




£ + 1] < 1 


(£ + 70-3(1 + |£? " 


£ + 7]>l 


(£ + r/)~2 




£ + 7] < 1 


(£ + ;] )- 2 (l + |£l - 




£ + ?]>! 



Finally, the operator *7Q C : 1^(0, oo) — > C zs of the form 

K dc (£)/(£)p(£)d£ 

o 

wz'f/7 a smooth and rapidly decreasing function K dc . 

Proof. See Ull, Theorem 5.1. □ 
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As a consequence of Theorem 13 . 71 we have the following mapping prop- 
erties of "Kcc and the commutator [Jlc'Kcc] where we recall that 

^(£) = -2£/'(£)-(§ + ^)/(4). 

Proposition 3.8. We have the bounds 

WKccf\\x<\\f\\x Wl&cMfUx £ ll/llx 

WKccfWr £ ll/llx l|[^ c ,^ cc ]/lly< ll/llx 

IIKcgllY < llglly H[^c^cc]gllY £ llgllr 

/or all f e X and g e Y. 

Proo/. This follows from the representation in Theorem 13.71 but requires 
some harmonic analysis. We refer the reader to 13, Propositions 5.5 and 5.8 
for the proof. We remark that the bounds for [^c'Kcc] can be obtained in 
the same fashion as the ones for < 7f cc by noting that the kernel of [J?l c , < 7C CC ] is 
of the form 

with 

see HH, p. 52. □ 

In what follows it is necessary to split the operator into a diagonal 
and an off-diagonal part. Thus, for no € N we set 

4«of 

where j is a standard smooth cut-off with x(%) - 1 for |x| < 1 and x( x ) — 
for |x| > 2. Furthermore, we denote by 7C„ the corresponding operator and 
write 

for the off-diagonal part. First, we establish a smoothing estimate for the 
off-diagonal part at small frequencies. 

Lemma 3.9. With pfrom Definition ^. 11 zye /zaw f/ie bounds 

^(■)^Kof\\YZn 2 \\f\\ Y 
"*<-)*K"/llx< ^||/|| x 



/or aZ/ n £ N, n > 100. 

Proof. Explicitly, the operator t K%: is given by 



with 



Jo 

<(£, 7] ) = [l-^(n (f-l))]M^n). 
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Note that on the support of K"f a we have || - 1| > ^ and thus, either 
i] < r^x^ or rj > T~r£- In the former case we obtain 

+ "0 ~«0 

and in the latter, rj - E, > ^-(E, + tj). Thus, we have |£ - 1]\ > ^-\E + r\\ and from 

Theorem |3 .7! we obtain the bound \K!^{E,,T})\ < uq1]~? provided E + 1] < 1. If 

ii — -i ii — - i 

£ + > 1 we note that, as before, \E J -?7 5 | > n Q 2 £2 and also | ^ 2 — 7^ 2 1 > n Q 2 77 2 . 

Thus, from Theorem 13 .71 we obtain the bound \K^(E, < n^{E)~ l {r])~ 2 . We 
conclude that 

|£(6r?)| := ir* f?)l < n2ri<£)*<£)- 1 7r i ('7)^'])" 1 
for all 4, '] > and thus, 

I I^IIlp^oo)!/' (0,00) ~ n o 

which implies 

iii-r^<->^/ib(o/»)^«gn/ib(o^). 

For the weighted L 2 -component we estimate 

which implies II^IIl 2 (o,oo)l 2 (o,oo) ^ n l an d the claim follows. 

For the second bound we proceed completely analogous with the excep- 
tion that the L 2 -component gets estimated in a slightly different way and 
we use the stronger bound \K(E, rj)\ < n^) -2 ^) -2 from Theorem |3.7[ With 

K&rj) := ^{^^-\^ +b K% n ) n - 1 2 + \ n ) 1 2~ b 

we obtain | \K\ \ LP ( O oo , Q oo s < provided (-1 + 5)p' > -1 which we may 
safely assume since p is supposed to be large. For the L 2 -component in the 
second bound we consider the kernel 

K(Lrj) := r^oM^^^M^ *%> i-6 
which satisfies the bound 

< 4r^ko^ + ko-h' 1+6 <ri) 1 ' 6 (riy 2 - 

This implies the bound ||-K|| L2 ( oojx/m 00) ~ n \ which concludes the proof. □ 

We also need a corresponding smoothing property for the diagonal part. 
Here it is crucial for the following that the obtained bound does not depend 
on tiq. We start with an estimate for a truncated version of the Hilbert 
transform. 



EXOTIC BLOWUP SOLUTIONS 31 

Lemma 3.10. Let H n , n € N, be given by 

r°° x( n (- ~ 1)) 

H„/(£):= — f(t])dr], £>0 

Jo £ -~ r l 

where x is a smooth cut-off function satisfying x(x) = 1 for \x\ < 1 and x(x) - 
for \x\ > 2. Then H n extends to a bounded operator on 1^(0, oo) for any q e (1, oo) 
and we have 

\\H n f\\mo,oo) ^ II/IIli^oo) 
for all f e Li(0, oo) and all n > 100. 



Proof. We use 

I 



X {n{\ - 1)) = 1 + ^ | n x'(ns(f - 



to decompose the kernel according to 

*(n(f - 1)) 



+ -O(l). (3.22) 



^ - T] £ - rj j] 
Let fj. := [li- 1 + 3^i2^- 1 ,2^ 1 + 3J2/" 1 ] and observe that 



[2H 2 / + i] = Qj». 

fc=i 

Furthermore, set A n := {(£, ?]) £ [0, oo) 2 : ^(n(| - 1)) + 0}. Since we have 
|£-7/| < f?7 for all (5,77) e A„,r] e ZJ. implies^ e fj. for all (£, 77) £ A„ where I* 

are suitable (overlapping) intervals with \I" k \ ^ and [2-'" 2 ,2^ +2 ] = U^=i ^ 
As a consequence, we infer 



y'eZ fc=l 



for any n > 100. Thus, we obtain 

= i E E £ - n 

;eZ fc=l Jo ' 

" r°° A^( n (~ _ 1)) 

= iEEv° 1 -^w^ 

;eZ fc=l ^° S ' 

^EEv^V^- 



fc=l 
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Consequently, it suffices to bound the operator / i-> lp H n {lp f) onL' := 

jk jk 

1/7(0, oo), uniformly in n > 100 and / e Z, because then we can conclude that 



h h »/Hl, * L L \\\Kn{\f)t = £ L in* ■ h»(u V /)nj 



111 p /II' 
;'eZ fcl ' 



According to Eq. (13.221 ), the kernel of the operator / h-> 1j„ H„(l7« /) is of the 
form 

- 1)) !ft 

(t,)— -2 = ; - + n2-n h -mijn (n)o(i). 

jk /* 4 - ;] 4 — 77 V ;* 

Thus, we obtain the decomposition 

\pH n {Uf) = nl P H{\nf) + B\f 

jk jk jk ]k J i K 

with the standard Hilbert transform H and the kernel of B" k is pointwise 
bounded by Cn2~> lj« (4)1^ (?]) for some absolute constant C > 0. We imme- 
diately obtain ||l f , H(ln /)lb ^ I l/lb by the 15-boundedness of the Hilbert 

jk jk 

transform for q € (1, 00) and the operator norm of B" is bounded by 



jk 

(/-■oo \l/q 1 poo \V<?' 

Jo ^ im l (Jo ^ 



jk 



for all n > 100, j e Z and k e {1, 2, . . . , n} since |f* | « |fJJ « 2£ . □ 

With this result at our disposal, we can now prove the desired smoothing 
property of "Kf, . 

Lemma 3.11. For any e > 0, a, b € R, and q e (1, 00) we have the bound 

HI . r §+e<.)l-2^ /| . |«(.)"|| w(aoo) < ll/l . |"<.) & || w(0/Oo) 

/or aZZ n > 100. 

Proof. Consider the operator with kernel 

In order to prove the assertion it suffices to show that extends to an 
operator on U :- 1/7(0, co) for q € (1, 00) which is uniformly bounded in 
no > 100. According to Theorem 13 .71 the kernel of ST can be written in the 
form 
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where 

We decompose 3 — J7i + tJi where 

Jo ' £ ~ '7 
Jzf(£)= ^(«o(|-l)) 

Jo 1 £ ~ n 

By setting g{rf) :- G(r], 77) we see that SFif = H ng (gf) where H„ is the 
truncated Hilbert transform from Lemma 13.101 Note that Theorem 13.71 
implies ||g|li,-(o /00 ) < 1 and thus, 

UJl/lb = IIH„ (g/)lb * Wgfhi $ ll/lb 
for all no > 100 by Lemma 13.101 Consequently it suffices to consider the 
operator $2 ■ 

First, we study the case E,, 1] < 4. Since 

|G(£,tj)- G(77,T7)| <|«-7]| f |<9iG(77 + s(^-r]),r])|ds 

Jo 

we obtain from Theorem l3.7l the estimate 



-Ai(^n) ~ l[o,4](£)l[o,4](nM"o(f - 1)) 



$l I o, 4] (91 I o, 41 (#o(^-l))f 1+e 



< 



-i /r\-i / \r 1 (-l+e) ^(-1+e) 
1[0,4](^) 1 [0 / 4](^)^' J V 



which yields < 1 for all hq > 100 and any q e (1, oo). 

It remains to study the case £, rj e Q := [0, oo) 2 \[0,4] 2 . Here we further 
distinguish between |£ - ?]| < 1 and |£ - n| > 1. In the former case we obtain 
from Theorem |3.7| the bound 

A 2 (Z,r 1 ) := - n)l Q (^k(n (f - 1)) - ^ 



We define J k :=[k + l,k + 3], := [k,k + 4] and note that 

OO 

A c (J Jjt x /jt 

/c=l 

where A := {(£, rj) e Q : \E, - r\\ < 1}. Since 

it suffices to consider the kernel Ai on % x (cf. the proof of Lemma D.lOl ). 
We obtain \\A2\\uQ k )w' ^ 1 for a11 k 6 N and a11 n o ^ 1°° which settles 
the case |£ - rj\ < 1. Finally, if |£ - n| > 1, we define dyadic intervals 
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I N := [2 N-1 ,2* +1 ], I N ~ [2 N " 2 ,2 N+2 ] and consider the kernel on I N x I N , 
N e N. Thanks to the cut-off #(n (f - 1)) it suffices tc 

MZ,ri) ■= l[i,oo)(l^ - t]\)ij N mi N (n)x(no(l - 1))- 



G(Lrj)-G(r],r]) 



t-n 

uniformly in N e N. Note that 1 < !£ - 1}\ < 2r\ < 2 N+2 on the support of A 3 . 
We further subdivide this interval by [1, 2 N+2 ] - U/Li Ij an d from Theorem 
I3.7| we obtain the bound 

N+l 

|A 3 (^ )] )|<2- eN ^A 37 (<S,r ] ) (3.23) 
;'=i 

where 

A 3/ (^rj) = l Jy (|£ - rjDl^^liN^Mnotf - 
Thanks to the cut-off lj (|£ - rj\) it suffices to bound on squares Qj of 
area 2 2 ^ which yields ll-As/Hyi/^.) ~ ^ ^ or a ^ / e U/2,- • -,N + 1} and any 
^ € (1, co). Consequently, by Eq. (I3.23D we obtain 

ll^llw<k)W<M * N2 " fN * 1 
for all N £ N which finishes the proof. □ 

3.5. Estimates for the off-diagonal part. Recall that our aim is to prove 
smallness of (£) c c H c $ ( K c ^) n for sufficiently large n. As suggested by the 
decomposition "K cc - 'Kf^ + we consider the diagonal and off-diagonal 
parts separately. In fact, it turns out that for the off-diagonal part it suffices 
to consider the operator t> t fH c f> ( K^t> c ( H^>, i.e., < K%f gets "sandwiched" 
between two copies of I) c ^-( c fi. Our goal is to show that the norm (on }/") 
of this operator can be made small by choosing to in Definition 13.11 large. 
More precisely, we have the following result. 

Lemma 3.12. Let a > |(1 + i). Then there exists an e > such that 

for all no e N where To is from Definition ^. 1\ 
Proof. We have 

r - ? 

x H c {o\,02,r\)p(o2)x{o2,(i)(o\,02yr\)do2dr\doi (3.24) 

Jai 

where co(s\,S2) = k{s\)k~ 1 {s2) and KJ™ is the kernel of the operator ( K%r. 
We split the integral over o\ in two parts by distinguishing between the 
cases a-[£, < 1 and 0\E, > 1. In the former case we exploit the smoothing 
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property from Lemma 13.91 in order to gain a small factor. Thus, we write 
y(o,l) := i) c 9( c px{0, £) and note that y e }f a by Lemma U3 We have to 
estimate 

Xoo 
x(oZ)H c (t, a, t)$(o)<K%y(o, oj{t, o) 2 E)do. 

Recall that 

H c (t,ct,£) = -co{T,o)^p{E,)~^p[a){T,af^) 2 cos|k(t)£5 K~\u)du 

and, since co(t, a) < 1, we obtain from the asymptotics of p in Theorem 13. II 
the bound \H c (t, a, E,)\ < co{t,o). Consequently, with p from Definition 13.11 
we have 

Xoo 
x{aE)o- l (o{T r ct)Mt, a) 2 # [cv(t, of^l^yio, coir, a) 2 ^)\do 

XOO 
a- x -*oj(%, o) 1+ " Mr, o) 2 tYh<Klly{o, u{z, o) 2 ^)\do 

and Lemmas I3.3tl3.9l yield 

WJiyh* ^ sup t«im • Y^<Kily{T,-)\\Y < nfchylW- 

T>T 

_ J_ 

Thus, by Lemma [3~4l we obtain I I^Ti y 1 1 j/« ^ n^T Q 2p \\x\\ya. 

It remains to consider the case a\E, > 1. Unfortunately, this is more 
complicated and we have to exploit the oscillation of the kernel. After the 
change of variable r\ i-> co(o\, a 2 )~ 2 T] and an application of Fubini it remains 
to study the operator 

XOO r*00 r*00 
J J [1 - x(oi£)\H c {t, oi, E)H C (oi, o 2 , (0(0!, a 2 )" 2 ?]) 

x p{0 X )p{0 2 )a){0 X , a 2 )" 2 < (co(t, a t )% a){0 X , 2 y 2 il) 
x x(02, rj)do2doidr], 
cf. Eq. (l3T24l> . We have 

H c (t, ox, E)H c (a lr 2 , co(o lr a 2 )" 2 r]) = A(z, o x , o 2r £, i]) 

x cos|k(t)c!;5 J K~ 1 (u)du^cos^K{02)'q^ J K~ l {u)dii^ 

where 

A(t,o 1 ,02,£,,i]) =a)(T,O2)^p(£,)~^p(co(T,0 1 ) 2 £,y p(cu(ai,a 2 )" 2 7]) 2 p(i])^. 

By the asymptotics of p given in Theorem 13 . 1 1 and the fact that x < 0\ < a 2 , 
we obtain the estimate \A(z, o\, a 2 , E, < co(t, a 2 ) with symbol behavior 
under differentiation with respect to each variable. Furthermore, by using 
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the trigonometric identity 2 cos a cos b — cos(a + b) + cos(a - b) we observe 
that the operator in question decomposes as Jfo = 31+ + J?L where 

f-*00 S+OO f-*00 

3K ± x{T,t)=\ [l-x{oit)}p{oi)p{c2)(o{0i,0 1 )- 1 A{T,0 l ,o 2 ,Z,r i ) 

J0 Jt Joi 

xcos|<^5k(t) ^ K~ l (u)du + rpK{02) ^ K _1 (M)rf«j 

x K'^ [oj{t, oif-E,, 0){oi, a 2 )~ 2 q) x(a 2 , iffdoido^t]. 
It suffices to consider ${+. We abbreviate 

jj. := £5 K ( x ) K _1 (ai) - rpK{02)K~ l {oi) 
and since d ai \i - -c(o\){l + \)a~ x i.i, c(o\) e [2~ l ,2], we obtain the identity 

cos (Q) = d ai [(T 1 sin(Q)] - c{a x ){l + \)o~ l iT l sin(Q), 

i r n i r° 2 

Q = ^2 7C ( T ) I K~ l {u)du + i]2K{o2) I K~ l (u)du 

Jt Joi 

Then we use the integration by parts formula 

I I o , (Tl /(ai,a2)g(ai,a2)da 2 rfai = I /(ai, o{)g{oi, a{)doi 

Jt Jg\ Jt 

f{x,oi)g{x,ai)dai- I I f{a\,a2)d ax g(a\,azidazdai 

to conclude that the operator J?l+ decomposes into four types of terms, 
31+ = Ey=i % of the form 

r°° _3 

x I 0{o 1 2 )o 2 co(T,02)x(o2,co(o x ,02) i])do2dridoi, 

Joi 

J 0(ff~ 5 )<u(T, ai)X; d (<y( T/ ai) 2 £, rj) xfa, rj)^! 



as well as 



£#(£,rj) J 0(T- 1 )ff~ J < u(T / ffi)x(ffi/<y(T / ai) 2 77)dffi^ / 
J d ai Kf (co(T,a 1 ) 2 E / a)(o 1 ,O2r 2 r 1 ) 
I 0(o 1 2 )o 2 co(T,(j2)co(oi,02)x(o2 r ri)do2dridoi 

Joi 
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with 

£2 - 772 

1 1 

where we have used the fact that a. 2 < ^ on the support of the cut-off 
1 - x(°i£) an d performed the change of variable r\ i-> w{o\, 02) 2 r] in the first 
three terms. Since 



t 2 



1 

> — 



on the support of (cf. the proof of Lemma [379T> , we observe that 

|<(^r])|<no|<(^i 7 )| 

_ i 

and thus, Lemmas 13.31 and I3T91 yield ||^lyx||j/a < n^T Q 2 \\x\\y« for = 1,2,3. 
Finally, after the change of variables t] i-» co(oi,02) 2 rj, the operator ^ can 
be written as 

J [^ + r]^]<( C u(T,a 1 ) 2 ^,7 ] ) 

r°° -1 9 

I 0(a 1 2 )a 2 o>(t, 02)*(tf2/ a>(ai, a%) r[)aa%ar[aa\ 

J(7l 



and since |[&? { + ^d^K'^, rf)\ < n 2 Q \Kf o (^, T])\ by TheoremglJ we obtain 

\\$Ux\\y a < n T 2 \\x\\ya 

as before by Lemmas I3.3I and I3.9I □ 



3.6. Estimates for the diagonal term. Next, we consider the diagonal op- 
„ . We further decompose TC^ 



erator . We further decompose "Tff in the following way. We set 



m^n) ■= l ie -i rOO 0)K d n o &Tl) 



where K^ is the kernel of "K^ . Following our usual scheme, we denote the 
operator with kernel K e . by 'K'j, / = 1, 3. Furthermore, we define *7C| by 



3 

•e 



7=1 

which yields the desired decomposition. We bear in mind that the operators 
*7CJ depend on no but suppress this dependence in the notation. Finally, we 
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set 



Be 
C e 



First, we establish some smallness properties. Here and in the following, 
the product of noncommutative operators Aj is defined as 

n 

~[Aj :=AiA 2 ...A n . 

7=1 

Lemma 3.13. Let a > |(1 + 1) and e > be sufficiently small. Then we have the 
bounds 

as well as 



«o-l 

EI s r>e 

7=0 



< 



J/" 



C»o-l e -(»o-l) 

(no - 1)! 



for all sufficiently large no € N where y. := 1 + C > is some absolute constant 



and p is from Definition ^. 1\ 
Proof. From Lemma fe-lll we immediately obtain the estimate 

II^/IIy = IH[0, e )l • 1*1 • P^o/IIy < IU[0, e) l • l'llL-(0/»)l|j 

= ekf\W 



and analogously, HTC^Hy < e 4 , uniformly in no > 100. With cu(s) := s > we 
have 

Xco 
H c (t, a, £)p{pyjqx(o, cu(t, a) 2 £)da 

and |H c (t, a, £)|S(a)| < &;(t, a)a _1 (cf . the proof of Lemma l3.12|) . Consequently, 
Lemma l33l yields the stated estimate for Jl £ and the proof for C e is identical. 
In order to prove the remaining estimate note first that 

«o-l 



/->oo /->oo ^>oo S^OO ' HJ ^ 

Ja JO Ja no -l ^0 /=0 

x ' £ [co(oj,Oj + -i) 2 rij,i]j + i)]dri no da no ■ --drjidoi. 



(3.25) 



Now we are going to exploit the following observation. Consider the 
expression 

X^((y(a ,ai) 2 77o, t]\)K^ e (w(p\,or) 1 r\\,r\i) (3.26) 
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which appears in the integrand of (|3.25|) . Assume oq,o\ to be fixed and 
suppose we want to perform the integration with respect to 02- As U2 — > co 
we must have j]i — > oo in order to stay in the support of (|3.26|) . However, 
since K e 2 is supported near the diagonal, this also entails co{oq, a \) 2 7]q — > 
00 and we therefore necessarily leave the support of l|3.26|l . Hence, it is 
not necessary to integrate all the way up to infinity. In order to quantify 
this argument we return to Eq. I|3.25|l and note that on the support of the 
integrand we have co{oj, ff/+i) 2 ^ > 1 - ^ for all j e {0, 1, . . . , no - 1}. This 
implies 

"0-2 

d - if ' 1 * EI ^°P a i^ 2 ^k = ^(^^o-i) 2 ^r- (3-27) 

7=0 

On the other hand, we have co(o ng -i, a„ g ) 2 rj ng -i > u - ^ 0-1 ^ and o)(cto/ cii) 2 T]o < 
e -1 on the support of the integrand in Eq. (|3.25|) . By inserting these two 
estimates into (|3.27|) we find 

(i - ir- 1 < co^/r-'e- 2 

2(1+ — ) 2(1+ — ) 

which yields a ng " <, o~ 1 ' e~ 2 for all no ^ 100- Hence, we obtain the crude 
bound o„ < o\e~ l for all no > 100 (provided e > is sufficiently small) and, 
since oq < o\ < ■ ■ ■ < a„ g , we have in fact Oj < a\e~ l for all j e {2, 3, ... , no}. 
Consequently, upon writing 

J a x(z, Z)--=2^ H c (t, a, Z)p(o)x(o, co{z, o)H)da 
and by defining 



«Q-1 

7=1 



we obtain 

n -l 

Therefore, it suffices to prove an appropriate bound for y(z, £). By Holder's 
inequality, Fubini, and the fact that \H c (t, a, E)\ ^ 0Jv{^), we infer 

\\Je-^x(T, -)l£p £ t" 1 J o; v (^r 2 ||x(a, -)\\ P LP do (3.28) 

and similarly, 

||J- e - lT x(T,-)<-)^|| <t" 6 » \ x \^a- 1+ Hx{ar){-)hlfa (3.29) 
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where 5o > is chosen such that a > |(1 + },) + So, i.e., such that the integral 
converges (cf. the proof of Lemma l33)l . By Lemma [3.11 1 we have the same 

bounds for J' £ -i T 'K^ ' £ , j e {0, . . .,h,q - 1}. Consequently, (13.28ft implies 

f T nh ( * r v 

x \\x(o„ , ■)\f u do no do nQ -i ...da 2 

C , -l e - (no -l) 

- (n -l)! a * 

where C > is some absolute constant. By the same argument one obtains 
an analogous estimate for ||y(cTi, -)|| L 2 and the proof is finished. □ 

Next, we prove the following crucial orthogonality relations. 
Lemma 3.14. For any sufficiently small e > and no > 4 we have 

2^8^ = 0, S fie C e = 

as well as 



^^eCe — J^ffCe — U\ e C ^ € — 



where a := 1 + -f. 



Proof. Explicitly, we have 

H c (t,o,E)P(o) J o iq(co(%o)H,T]2)x(o, r] 2 )dri2da 
where, as before, co(si,S2) = k(si)k _1 (s2). Furthermore, 

Jo 

and thus, in order to prove JT^S^ = it suffices to show that 

rji)Kf (<u(t, a) 2 )]!, 7] 2 ) = (3.30) 
for all £, 7]i, 772 > and z < a. Recall that 

where xi x ) ^ only if \x\ < 2 and thus, K^E,, r\\) + only if 

m <(l-2.)-^<(l-2.y £ . (3.31) 

On the other hand, we have K^{<jo(t, o) 2 r\\, 172) + only if (1 + ^)e < 
co(z, a) 2 T]i < r]i and since 1 + ^ > (1 - ^) -1 for all no > 4, this condition is 
incompatible with d3.31b which proves (13.30b . 

Similarly, to see that S fie C e = 0, we consider the product kernel 

K^^ im )K e J(v(T r a) 2 i 11/m ). 



EXOTIC BLOWUP SOLUTIONS 41 

The second factor is non-vanishing only if r\\ > e~ l whereas on the support 
of the first factor we have 

m < (i - £th < (i - irHi + ir'e- 1 

and (1 - + < 1 for all n > 4. This implies the desired £^ £ C £ = 

0. The remaining assertions are immediate provided e > is sufficiently 
small. □ 

Now we can show that (2 ( D c < Hc@ i< Kn Q ) 2no has small operator norm on if a 
provided no is sufficiently large. 

Lemma 3.15. Let a > |(1 + and So > 0- Then 

\\(2D c ^'Kf 10 ) 2no \y a < 6 
provided no € N is sufficiently large. 
Proof. For brevity we write J := 2£> c '7Y c j6 < 7(^ . We have 

= ^eJ 2 " ' 1 + & £ J 2 " - 1 + CeJ 2 " ' 1 

and consider each term separately. Furthermore, we set fj. := 1 + For the 
first term we note that 

^j-2no-i = + + c^ £ )J n °- 2 = ft £ ^ £ J 2n °- 2 

by Lemma T3.14I Thus, inductively we find 

2*0-1 

^ e j-2n -l = ] [ ^ (3 _ 32) 
7=0 

and Lemma [3. 131 yields 

n 1 / 2 "0 l\ 2 "0 

ll^ 2 "°- 1 ll»/«<p-ei) . 
For the second term we obtain 

g^-l = <g e(j ^_ le + + C fl -i e )^"°- 2 

= S e J?l fr i e ^ 2 " - 2 + s £ s^ £ j 2n °- 2 

2no-2 

= S e ] [ J?l frl+ ; e + S e S frle ^- 2 
;=0 

by Lemma |3.14| and Eq. ( I3.32D . Inductively we see that this is a sum of 2«o 
terms which consist of products of consecutive S's and consecutive J?l's. 
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We thus may write S £ J' ln °~ l - S1+S2 where S\ contains all the terms with 
at most no S's. From Lemma R3.13I we obtain the bounds 



IISiiij^fqA*)* , \\s 2 fo« < 



n \ 



provided Hq is sufficiently large. Finally we have 

CeJ 2n -l = Ce ^ £ j2n -2 + Q^^-2 + C 2j2n -2 

and thus, by the exact same token as before we obtain a decomposition 
CeJ 2 ^- 1 = S 3 + Si with the bounds 



Il^3llj/«<(C^^^)" , ||5 4 ||ya< 



C"o e -«o 



n ! 



for sufficiently large n®. Hence, by first choosing e > sufficiently small 
and then Mo sufficiently large, the claim follows. □ 

Now we can conclude the existence of (1 + 2'D c 1-i c ^'K cc )~ 1 . 

Corollary 3.16. If a > |(1 + \) then the operator 1 + 2'D c f H c fi'K C c has a bounded 
inverse on }j a . 

Proof. For brevity we write J~ :- 2T) c f H c f)K cc and decompose 

J 2110 = (2b c <HcPKtf + ?£) C < H&K*$** 

= S + (2i) c 'H c p'K d no ) 2no 

where S consists of 2 2 " - 1 terms, each of which containing the operator 
&ffl c $ ( K!^T) < fH c $. Hence, by first choosing no sufficiently large and then To 
sufficiently large (depending on Hq), we obtain from Lemmas I3.12l and l3.15l 
the bound 

\\J ln °h« < I- 

This implies 

00 00 2hq—1 00 

£ \m\#« = L L ^ 2nok+t ^ * E ||J_2no t ~ 1 

n=0 k=0 e=o k=0 

and the claim follows. □ 

3.7. The inverse of 1 + TD'HffK. Finally, we consider the matrix operator 
1 + 2&HPK which explicitly reads 

1 + 7-fYHRnC = I 1 + 2 £>dK d f}<K dd 2& A n<$% Ac 
1 \ 2£>/H c pK cA \ + 2& c <H c pK a 

cf. Eq. 

Lemma 3.17. Let a c > |(1 + 1) and a c < a d < a c + 1. Then the operator 
1 + 2!D f H^'K has a bounded inverse on y a i' ac . 
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Proof. For brevity we write 

J dd := 1 + l&fliipKu J dc := 2D d <H d pK dc 

J cd := 2£> c <H c j3<K cd J cc := 1 + l£> c 'H^ ( K cc . 

From Corollary 13.161 and the comment following Eq. (|3.21|) we know that 
diag(J dd , Jcc)' 1 = diagCTL / Jcc) exists as a bounded operator on J/ a <i' a <\ 
Consequently, the equation 

Jdd Jdc \\ Xd\_( Vd 

Jcd Jcc )\ x )-[ y 
implies 

~~ 3dd3 ^J -}J cd)*d = J u {)jd ~ Jdc J cc y) 

(i - Jcc l JcdJ dd l Jdc)x = Jc~ c \y - JcdJ dd yd) 

and it suffices to prove smallness of Jdc- From Theorem |3 . 71 and Lemma [3~4l 
we obtain 

\J dc x(x)\ = 2\D d <H d p<K dc x{T)\ < T~ ac ~ l sup t" c ||x(t, -)Hy 

T>T 

which yields 

SUpT^IJ-^UT^-^IWI^, 

T>T0 

and we obtain smallness by choosing To sufficiently large since a d —a c — l < 
by assumption. □ 

3.8. The inverse of 1 + 2 ( Hf>'KT). For the following it is also necessary to 
invert the operator 1 + 2'H^'K'D. As before, we first consider the difficult 
continuous component f H c fi ( K cc 'D c which is explicitly given by 

H c (t, a, l)^(ayK cc T) c x{o, gj{t, c)Z)do 



H c (T,o,Z)p(o) K cc {oj{%,o) 2 ^)'D c x{a,r])drido 
J T Jo 



(3.33) 

with co(si,S2) = k(si)k~ 1 (s2). Now recall that 

D c x(t, = ^(t, £) + j3( T ) [-2# 2 *(t, £)-(§ + )x(t, £)] 

and 
where 

Hence, if we set y(t, E) :- k(t)"z p(£,)x(x, £,) we may write 

D c x(t, £) = K{T)ip{^D c y{%, E) (3.34) 
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where D c y(t, t) '■= d\y{%, E) - 2jS(T)^23/(T, £)• Now observe that 

D c y(o,co(T,o) 2 r]) = d a y(o,(o(T,0) 2 r]) 

since d a co(z, a) 1 = -2f5(o)(o(z, a) 2 . Thus, from the definition of y and Eq. (|3.34|) 
we infer the identity 



D c x{a,a}{%,ofr]) = k(o)? p(a)(z,a) 2 ri) 



k(o) 5 p (o)(t, o) 2 i]) 2 x(o, co(r, a) 2 T]) 



(3.35) 



Consequently, after the change of variable r\ i-» co(t, o) 2 r\, Eq. ( I3.33D can be 
rewritten as 



J o H c (t, a, £)p»a;(T, a) 2 X cc (cu(T, a) 2 £, cu(t, a) 2 )?) 



x k(0)?p(co(t,o) 2 i]J 2 d a k(o) zp(cu(T,a) 2 7]) 2 x(o,<x>(T,o) 2 ij) 



drjdo. 



(3.36) 



Lemma 3.18. Let a > 1 + |(1 + 1). T/zen f/ze operator 1 + 2 f H c fi ( K cc 'b c has a 
bounded inverse on X a . 

Proof. Performing an integration by parts with respect to a in Eq. ( 13.361) and 
noting that 



cu(t, a) cos £ 



K" 1 



c (u)du 

we obtain the decomposition < 7Y c j6 < 7f (;(; £) c = + where 

cu(t, ct)H c (t, a, l)$(o)<K cc x(o , co(t, o) 2 Z)do 



(u)du 



and 



r 



H c (t, a, £)0(a- 2 )'^ ;c x(a, <y(T, a) 2 £)da. 



The kernel of the operator % cc consists of a linear combination of a-derivatives 
of K cc (co(t, a) 2 £, co(t, a) 2 j]) and is therefore of the same type as the kernel of 
the commutator \3K C , H^cA (cf- the proof of Proposition |3.8D . In particular, < 7C C(; 
maps the space X to Y (Froposition |3.8D and Lemma |3T4l immediately yields 

mixWx* <v 25 T- i+26 \\x\\ X a. 

Consequently, smallness can be achieved by choosing To sufficiently large 
(depending on v). The operator on the other hand, is of the same type as 
Dc'Hcfi'Kcc but this time viewed as a map from X" to X a . However, this does 
not make any difference since the crucial Lemmas l3.3H3.9| and |3.11| are valid 
for the space X a (respectively X) as well. Note carefully that the stronger 
requirement a > 1 + ^-(1 + \)~ J in Lemma 1331 is exactly compensated by 
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the additional factor co(t, o) in 3K\ . Hence, the operator Mi can be treated 
in the exact same fashion as l) c '7Y C j67C cc and in particular, Lemmas I3.12| and 
|3l5l hold accordingly for ^ on X a . □ 

As in the case of Lemma T3.171 Lemma r3.18l implies the invertibility of the 
matrix operator 1 + YHfi'K'D. 

Lemma 3.19. Let a c > f (1 + \) and a c < a<i < a c + 1. Then the operator 
1 + THfiKT) has a bounded inverse on X adAc . 

Proof. The proof is completely analogous to the proof of Lemma 13.171 and 
therefore omitted. □ 



3.9. Solution of the main equation. Now we are ready to solve the main 
equation dHJ). By setting N := L - =1 Nj and <K := % 2 + + < K+^ ( K 
we rewrite Eq. d3.4b as 

[D 2 + fii) + £]x = e + N(x) - IpKDx - fifcx (3.37) 

where e(T, £) = k(t)~ 2( F[\ ■ \x{^, -) e 2(T, •)](£)• By applying 'H we find that 
Eq. (I3.4I ) is equivalent to 

x = 0(x) := (1 + THpKiyy Xr H [e + N(x) - p 2 9Cx] (3.38) 

We claim that Eq. d338l has a solution (x,i)x) e X^~ 26 '^~ 26 x J/f'l with b 
from Definition 13. II In order to prove this we have to recall some mapping 
properties from |2|. 

Proposition 3.20. We have the estimate 

\\N{x) -Af(y)|y +| , H < Hx-y||^4_ 2 ,4_ M 

for all x, y in the unit ball in P(t~ 26 '^~ 25 . 

Proof. This follows by inspection of the proofs of the corresponding results 
in (21, in particular Lemmas 4.4-4.10. Note also that the loss of discussed 
in Remark 4.8 in |2] does not occur in our case since k(t)~ 2 is bounded for all 
t > To (unlike the corresponding A(t)~ 2 in Q). In fact, as in Q one proves 
that the nonlinearity maps the space X to Y and for the time decay one gains 
at least t~^~ 26 ) (from the quadratic part N2, all other contributions are even 
better; the linear part N\ yields a gain of t~ 2 , cf. Lemma 4.5 in (21). Since 
5 > is assumed to be small, the stated bound follows. □ 

Another result from |2j which we require concerns the mapping proper- 
ties ofTCand K. 
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Proposition 3.21. The operators % and % satisfy the bounds 

Hft"(a,/)llcxY £ W(a,f)\\cxY 
\ma,f)\\cxx ^ \\(fi,f)\\cxx 
\\na,f)\\cxY £ ll(«,/)llcxx. 
Proof. This follows from Corollaries 5.7 and 5.10 in |2|. □ 
Now we can prove the existence of a solution to Eq. (|3.38|) . 

Theorem 3.22. The function O as defined in Eq. (|3.38j) maps the closed unit ball 
of P(^~ 26 '3~ 26 to itself and is contractive. As a consequence, there exists a unique 
solution x ofEq. (I3.38I ) in the closed unit ball of Xi~ 25, ^~ 26 . 

Proof. From Lemma [3~4l and Froposition |3.20| we infer 

\\<HN (x) - <HN (y)\\ x §-25*-25 £ T-%-yy_ 2 ,4_ 2i) 

for all x, y in the unit ball in P(^~ 26, ^~ 2t> and some e > 0. Thus, in view 
of Lemma 13.191 and the contraction mapping principle it suffices to prove 
smallness of the remaining terms in the appropriate spaces. In the discus- 
sion following Lemma [3761 we have already noted that 

for some e > 0. Furthermore, we have 

by Lemma [3741 and Proposition [3772TJ □ 

Finally, we consider the derivative £)x. 
Corollary 3.23. Let x be the solution from Theorem \3.22\ Then T)x belongs to the 

4 4 

closed unit ball ofJ/S's. 

Proof. The claim follows by noting that Eq. (I3.37D implies 

t>x = (1 + 2&HpK)- 1 &H [e + N(x) - ffcx\ 
and by Propositions 13.201 13.211 as well as Lemmas 13.61 13.41 T3.17I we see that 

a 4 4 

Dx belongs to the unit ball of J/3'3 . □ 
In light of Lemma 4.3 in (2J, we infer that 

x(T,£)<f>(!U)p(£)#] 

satisfies (£'(t, ■), £ t (t, •)) € X H?, with norm vanishing as t — > +oo. We 
have thus proved 



EXOTIC BLOWUP SOLUTIONS 



47 



Theorem 3.24. Let A(£) be as in (|1.5|) . Then the equation (|2.1|) admits a solution 
u(t, r) of the form 

u(t,r) = A*(t)W(A(t)r) + e(t,r), t e (0,f ), 
with (e(t, ■), £t(t, •)) e Hi xfii Groen 5 > 0, one may arrange 

IK £ / £ f)ll(HixL 2 )(r>f) < 5 

Proof. This follows from Theorem 13.221 as in IfTTII by exploiting energy con- 
servation and smallness of energy outside the light cone. □ 
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